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In this paper, we consider a system of equations describing a motion of a self-gravitating
one-dimensional gaseous medium coupled to magnetic ﬁelds in the presence of radiation
effects. We have proved that for any large initial data, the problem under consideration
admits a unique global solution when the temperature growth index satisﬁes q > 7/4. The
results have enlarge the scope of the index of heat conductivity for previous results q >
2+√211
9 ≈ 1.83.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we consider a system of equations describing a motion of a self-gravitating one-dimensional gaseous
medium coupled to magnetic ﬁelds in the presence of radiation effects. This model is described by the following equations
in the Euler coordinates corresponding to the conservation laws of mass, momentum, and energy
ρt + (ρu)y = 0, (1.1a)
(ρu)t +
(
ρu2 + p + 1
2
|b|2
)
y
= (λuy)y + ρψy, (1.1b)
(ρw)t + (ρuw− b)y = (μwy)y, (1.1c)
bt + (ub−w)y = (νby)y, (1.1d)
Et +
[
u
(
E + p + |b|
2
2
)
−w · b
]
y
+ Q y = (λuuy + μw ·wy + νb · by)y + ρψyu (1.1e)
where ρ is the density, u is the longitudinal velocity, w = (w1,w2) ∈ R2, b = (b1,b2) ∈ R2 denote the transverse velocity
and the transverse magnetic ﬁeld, respectively, and θ is the temperature, λ, μ are the viscosity coeﬃcients and ν is the
magnetic diffusion coeﬃcient of the magnetic ﬁeld, G is the Newtonian gravitational constant. p = p(ρ, θ) is the pressure,
ρψy represents the gravitational force, where the function ψ is determined by the boundary value problem
E-mail address: huanglan82@hotmail.com.0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.11.080
520 L. Huang / J. Math. Anal. Appl. 389 (2012) 519–530{
−ψyy = Gρ, (y, t) ∈ Ω × (0, T ),
ψ |∂Ω = 0 (1.2)
with Ω = [0, L] ∈ R a bounded domain, the total energy E is given by
E = ρ
(
e + 1
2
(
u2 + |w|2))+ 1
2
|b|2, (1.3)
where e = e(ρ, θ) is the internal energy, ρ(u2 + |w|2)/2 is the kinetic energy and |b|2/2 is the magnetic energy, the heat
ﬂux Q takes the form
Q = Q F + Q R = −κθy (1.4)
where κ = κ(ρ, θ) is the heat-conductivity coeﬃcient.
In agreement with the classical Boyle’s law that applies in the non-degenerate area of high temperatures and low densi-
ties, we may assume that p(ρ, θ) and e(ρ, θ) take the forms
p(ρ, θ) = Rρθ + a
3
θ4, e(ρ, θ) = CV θ + a
ρ
θ4. (1.5)
We also assume the conductivity κ = κ(ρ, θ) has the following form (see for example [2,6]):
κ = κ1 + κ2 θ
q
ρ
(1.6)
where κ1, κ2 and q are positive constants.
We consider system (1.1) in a bounded domain Ω = [0, L] subject to the following boundary conditions
(u,w,b, θy)|∂Ω = 0 (1.7)
and the initial condition
(ρ,u,w,b, θ)(y,0) = (ρ0,u0,w0,b0, θ0)(y). (1.8)
Now let’s ﬁrst recall some previous works in this direction. When there is no radiation effect and magnetic ﬁeld, system
(1.1) reduces to the equations of an ideal gas or real gas, there are many important results on the global existence and large
time behavior of solutions, we refer to works [1,9–14,18]. Among of them, Kawohl [12], Jiang [9] and Qin [14] obtained the
existence of global solutions to 1D viscous heat-conductive real gas with different growth assumptions on the pressure p,
internal energy e and heat conductivity κ in terms of temperature.
Recently, radiation hydrodynamics has drown more and more attention from mathematicians due to its importance in
the astrophysics [4–7]. For the radiative gas with no magnetic diffusion and reactive effect, Wang and Xie [22] established
the global existence of solutions when the growth index of temperature satisﬁed q > 5/2, we extended the result for q > 9/5
in [8].
For the radiative and reactive gas with no magnetic diffusion, Ducomet [5] established the global existence of smooth
solutions for q  4, Qin and co-workers extended the results in [17], established the global existence and exponential
stability of solutions in Hi+ (i = 1,2,4) for small initial data with q > 12/5. For the radiative and reactive gas with a self-
gravitation, Umehara and Tani [19] obtained the global existence of smooth solutions for 4  q  16, 0  β  13/2, this
result was later generalized to the case when q 3, 0 β < q + 9 and q 2, 0 β < 2q + 6 by Umehara and Tani [20] and
Qin et al. [16], respectively, where β is the temperature index of reaction rate function.
For the magnetohydrodynamic equations with no radiative effect and self-gravitation (i.e. G = a = 0), Chen and Wang [3]
and Wang [21] considered a one-dimensional magnetohydrodynamics model. However, when the effect of self-gravitation
as well as the inﬂuence of radiation on the dynamics at high temperature regimes are taken into account, Ducomet and
Feireisl [7] proved the existence of global-in-time solutions of this problem with arbitrarily large initial data and conservative
boundary conditions on a bounded spatial domain in R3. Recently, Zhang and Xie [23] investigated the existence of global
smooth solutions for q > 52 , this result was later generalized to the case when q >
2+√211
9 ≈ 1.83 by Qin and Hu [15].
Comparing [15], we only need require the growth index q > 7/4 = 1.75 with large initial data to study the global existence
of solutions in this paper. For the sake of simplicity, we assume that λ,μ,ν are constants in this paper.
To derive the a priori estimates, it is convenient to use the Lagrange coordinates instead of Euler coordinates. We intro-
duce the following coordinate transformation
x =
y∫
0
ρ(ξ, τ )dξ, t = τ , (1.9)
then the boundaries y = 0 and y = L become
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L∫
0
ρ(ξ, τ )dξ =
L∫
0
ρ0(ξ)dξ (1.10)
where
∫ b
a ρ0(ξ)dξ is the total initial mass, and without loss of generality, we can normalize it to 1. So in terms of Lagrangian
coordinates, problem (1.2) is reduced to
{
−(ρψx)x = G, (x, t) ∈ [0,1] × (0, T ),
ψ |x=0,1 = 0, t > 0, (1.11)
then we can get the explicit formula
ρψx = −G
(
x−
∫ 1
0 xρ
−1(x, t)dx∫ x
0 ρ
−1(z, t)dz
)
. (1.12)
Consequently, by putting v(x, t) = ρ−1(x, t), Eqs. (1.1) are now transformed into
vt = ux, (1.13a)
ut +
(
p + 1
2
|b|2
)
x
=
(
λ
ux
v
)
x
− G
(
x−
∫ 1
0 xρ
−1(x, t)dx∫ x
0 ρ
−1(z, t)dz
)
, (1.13b)
wt − bx =
(
μ
wx
v
)
x
, (1.13c)
(vb)t −wx =
(
ν
bx
v
)
x
, (1.13d)
Et +
[
u
(
p + 1
2
|b|2
)
−w · b
]
x
=
(
λuux
v
+ μw ·wx
v
+ νb · bx
v
+ κθx
v
)
x
− uG
(
x−
∫ 1
0 xρ
−1(x, t)dx∫ x
0 ρ
−1(z, t)dz
)
(1.13e)
with E = e + 12 (u2 + |w|2 + v|b|2).
The initial boundary conditions (1.1d) and (1.1e) become
(u,w,b, θx)|x=0,1 = 0, ∀t > 0, (1.14)
(v,u,w,b, θ)(x,0) = (v0(x),u0(x),w0(x),b0(x), θ0(x)), x ∈ [0,1]. (1.15)
The notation in this paper will be as follows: L p¯ , 1 p¯ +∞, Wm,p¯ , m ∈ N , H1 = W 1,2, H10 = W 1,20 denote the usual
(Sobolev) spaces on (0,1). In addition, ‖ · ‖B denotes the norm in the space B; we also put ‖ · ‖ = ‖ · ‖L2 . Subscripts t and
x denote the (partial) derivatives with respect to t and x, respectively. We use C1 to denote the generic positive constant
depending only on the initial data and time T .
Now let’s state our main result of this paper:
Theorem 1.1. Let q > 7/4. Assume initial data (v0(x),u0(x),w0(x),b0(x), θ0(x)) ∈ (H1[0,1])7 with v0(x) > 0, θ0(x) > 0 for any
x ∈ [0,1], and that the compatibility conditions hold. Then problem (1.13)–(1.15) admits a unique global solution (v,u,w,b, θ) ∈
(H1[0,1])7 such that for any T > 0,
0 < C−11  v(x, t) C1, ∀(x, t) ∈ [0,1] × (0, T ), (1.16)
∥∥(v,u,w,b, θ)∥∥2H1 +
t∫
0
(‖ux‖2H1 + ‖bx‖2H1 + ‖wx‖2H1 + ‖ut‖2 + ‖bt‖2 + ‖wt‖2 + ‖θt‖2)(s)ds C1, ∀t ∈ (0, T ).
(1.17)
The proof of Theorem 1.1 is based on the local existence which can be proved by the standard contraction mapping
arguments and the a priori estimates which can be used to continue a local solution globally in time. In the next section,
we ﬁrst derive a priori estimates, and then prove Theorem 1.1 with the help of the a priori estimates.
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In this section we study the global existence of problem (1.13)–(1.15). We begin with the following lemma.
Lemma 2.1. Under the assumptions in Theorem 1.1, for any T > 0 and q > 0, the following estimates hold in Lagrangian coordinates:
0 < C−11  v(x, t) C1, ∀(x, t) ∈ [0,1] × (0, T ), (2.1)
1∫
0
(
θ + u2 + |w|2 + θ4 + |b|2)(x, t)dx C1, (2.2)
t∫
0
1∫
0
(
κθ2x
vθ2
+ λu
2
x + μ|wx|2 + ν|bx|2
vθ
)
dxds C1, t ∈ (0, T ), (2.3)
t∫
0
‖θ‖q+4L∞ dt  C1, t ∈ (0, T ), (2.4)
t∫
0
1∫
0
(
u2x + |wx|2 + |bx|2
)
(x, t)dxdt  C1, t ∈ (0, T ), (2.5)
1∫
0
(|w|4 + |b|4)(x, t)dx+
t∫
0
1∫
0
(|w|2|wx|2 + |b|2|bx|2)dxds C1, (2.6)
1∫
0
∣∣(wx,bx)∣∣2 dx+
t∫
0
1∫
0
∣∣(wt,wxx,bt,bxx)∣∣2 dxdt  C1, t ∈ (0, T ). (2.7)
Proof. See, e.g., [15,23]. 
Lemma 2.2. Under the assumptions in Theorem 1.1, for any T > 0, the following estimates hold:
‖vx‖2 +
t∫
0
1∫
0
θ v2x dxds C1(1+ A)q0 , (2.8)
t∫
0
1∫
0
(1+ θ)2m(u2 + |w|2 + |b|2)dxds C1, (2.9)
t∫
0
1∫
0
(1+ θ)2mv2x(x, s)dxds C1(1+ A)q0 (2.10)
with A = ‖θ‖L∞((0,T );L∞[0,1]) , q0 = max(4− 2q,0), m = q+42 .
Proof. Eq. (1.13b) can be rewritten as(
u − λ vx
v
)
t
= −
(
p + |b|
2
2
)
x
− G
(
x−
∫ 1
0 xv dx∫ x
0 v dz
)
. (2.11)
Multiplying (2.11) by u − λ vxv and then integrating the resulting equation over Q T = [0,1] × (0, T ), we have
1
2
∥∥∥∥u − λ vxv
∥∥∥∥
2
+ Rλ
t∫
0
1∫
0
θ v2x
v3
dxds
= 1
2
∥∥∥∥u0 − λ v0xv0
∥∥∥∥
2
+
t∫ 1∫ [
R
θ vxu
v2
−
(
R
1
v
+ 4
3
aθ3
)
θx
(
u − λ vx
v
)
− G
(
x−
∫ 1
0 xv dx∫ x
0 v dz
)(
u − λ vx
v
)]
dxds.0 0
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∥∥∥∥u − λ vxv
∥∥∥∥
2
+
t∫
0
1∫
0
θ v2x dxds
 C1 + C1
t∫
0
1∫
0
[
|θ vxu| +
∣∣(1+ θ3)θxu∣∣+ ∣∣(1+ θ3)θxvx∣∣+
∣∣∣∣x−
∫ 1
0 xv dx∫ 1
0 v dx
∣∣∣∣
∣∣∣∣u − λ vxv
∣∣∣∣
]
dxds
 C1 + 1
2
t∫
0
1∫
0
θ v2x dxds + C1
t∫
0
1∫
0
(
θu2 + κθ
2
x
θ2
+ (1+ θ
3)2θ2
(1+ θq) u
2 + (1+ θ
3)2θ2
(1+ θq) v
2
x + u2 + v2x
)
dxds
 C1 + 1
2
t∫
0
1∫
0
θ v2x dxds + C1
t∫
0
‖θ‖L∞
1∫
0
u2 dxds + C1(1+ A)q0
t∫
0
‖θ‖q+4L∞
(‖u‖2 + ‖vx‖2)ds
which, by using Gronwall’s inequality and (2.4), gives (2.8).
We derive from (2.2) that there exists a b(t) ∈ [0,1] such that
1∫
0
θ(x, t)dx = θ(b(t), t)
and
∣∣θm(x, t) − θm(b(t), t)∣∣ C1
1∫
0
θm−1|θx|dx C1
( 1∫
0
κθ2x
vθ2
dx
) 1
2
( 1∫
0
vθ2m
κ
dx
) 1
2
 C1
( 1∫
0
κθ2x
vθ2
dx
) 1
2 1∫
0
(
1+ θ4)dx C1
( 1∫
0
κθ2x
vθ2
dx
) 1
2
.
Thus,
C−11 − C1V (t) θ2m(x, t) C1 + C1V (t), 2m = q + 4 (2.12)
with V (t) = (∫ 10 κθ2xuθ2 dx) 12 . Therefore, it follows from (2.2) and (2.12) that
t∫
0
1∫
0
(1+ θ)2m(u2 + |w|2 + |b|2)dxds
 C1
t∫
0
(‖u‖2 + ‖w‖2 + ‖b‖2)ds +
t∫
0
V (s)
(‖u‖2 + ‖w‖2 + ‖b‖2)ds C1.
Similarly, we easily obtain (2.10) by virtue of (2.8) and (2.12). The proof is complete. 
Lemma 2.3. Under the assumptions in Theorem 1.1, the following estimates hold for any t > 0:
∥∥ux(t)∥∥2 +
t∫
0
∥∥uxx(s)∥∥2 ds C1(1+ A)q1 , (2.13)
t∫
0
1∫
0
(1+ θ)2mu2x dxds (1+ A)q1 (2.14)
where q1 = max(8− q,0), m = q+4 .2
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∥∥ux(t)∥∥2 +
t∫
0
‖uxx‖2 ds C1 + C1
∣∣∣∣∣
t∫
0
1∫
0
[
pxuxx + uxvxuxx + b · bxuxx − G
(
x−
∫ 1
0 xv dx∫ x
0 v dz
)
uxx
]
dxds
∣∣∣∣∣
 C1 + 1
4
t∫
0
‖uxx‖2 ds + C1
t∫
0
1∫
0
[(
1+ θ3)2θ2x + θ2v2x + v2xu2x + |b|2 · |bx|2]dxds
 C1 + 1
4
t∫
0
‖uxx‖2 ds + C1(1+ A)q1
t∫
0
V (s)ds + C1
t∫
0
1∫
0
(1+ θ)2mv2x dxds
+ C1
t∫
0
‖ux‖2L∞‖vx‖2 ds +
t∫
0
‖b‖2L∞
1∫
0
|bx|2 dxds
 C1(1+ A)q1 + 1
4
t∫
0
‖uxx‖2 ds + C1(1+ A)q0
( t∫
0
‖ux‖2 ds
)1/2( t∫
0
‖uxx‖2 ds
)1/2
 C1(1+ A)max{q1,2q0} + 1
2
t∫
0
‖uxx‖2 ds
i.e.,
∥∥ux(t)∥∥2 +
t∫
0
‖uxx‖2 ds C1(1+ A)q1 , (2.15)
here, we use q1 > 2q0 for q > 0.
The proof of estimate (2.14) is similar to (2.10), we omit here. The proof is complete. 
Lemma 2.4. Under the assumptions in Theorem 1.1, the following estimate holds:
∥∥θ + θ4∥∥2 +
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds C1(1+ A)q2 , ∀t ∈ (0, T ) (2.16)
with q2 = max{1+ q0, (4− q)+ + q0, q12 } and (4− q)+ = max(4− q,0).
Proof. Eq. (1.13e) is equivalent to
et + pux =
(
κθx
v
)
x
+ λu
2
x + μw2x + νb2x
v
. (2.17)
Multiplying (2.17) by e and integrating the resulting equation over Q T , we have
∥∥θ + θ4∥∥2 +
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds
 C1 + C1
∣∣∣∣∣
t∫
0
1∫
0
[
(pe)xu + e
(
u2x +w2x + b2x
)+ κθxθ4vx dxds]
∣∣∣∣∣
 C1 + C1
t∫
0
1∫
0
[
(1+ θ)7|θxu| + (1+ θ)8|vxu| + (1+ θ)q+4|θxvx| + e
(
u2x +w2x + b2x
)]
dxds. (2.18)
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t∫
0
1∫
0
(1+ θ)7|θxu|dxds ε
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds + C1
t∫
0
1∫
0
(1+ θ)11−qu2 dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds + C1(1+ A)(3−q)+
t∫
0
‖u‖2L∞
1∫
0
(1+ θ)8 dxds, (2.19)
t∫
0
1∫
0
(1+ θ)8|vxu|dxds C1
t∫
0
1∫
0
(1+ θ)8v2x dxds + C1
t∫
0
1∫
0
(1+ θ)8u2 dxds
 C1(1+ A)(4−q)+
t∫
0
1∫
0
(1+ θ)2m(v2x + u2)dxds C1(1+ A)(4−q)++q0 , (2.20)
t∫
0
1∫
0
(1+ θ)q+4|θxvx|dxds ε
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds + C1
t∫
0
1∫
0
(1+ θ)q+5v2x dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds + C1(1+ A)
t∫
0
1∫
0
(1+ θ)2mv2x dxds,
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds + C1(1+ A)1+q0 , (2.21)
t∫
0
1∫
0
e
(
u2x +w2x + b2x
)
dxds
t∫
0
(‖ux‖2L∞ + ‖wx‖2L∞ + ‖bx‖2L∞)
( 1∫
0
e dx
)
ds
 C1
[( t∫
0
‖ux‖2 ds
)1/2( t∫
0
‖uxx‖2 ds
)1/2
+
( t∫
0
‖wx‖2 ds
)1/2( t∫
0
‖wxx‖2 ds
)1/2
+
( t∫
0
‖bx‖2 ds
)1/2( t∫
0
‖bxx‖2 ds
)1/2]
 C1(1+ A)
q1
2 . (2.22)
Thus, we infer from (2.18)–(2.22) that
1∫
0
θ8 dx+
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds 2ε
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds + C1(1+ A)(3−q)+
t∫
0
‖u‖2L∞
1∫
0
θ8 dxds
+ C1(1+ A)max{q0+(4−q)+,1+q0,
q1
2 }
which, by taking ε > 0 suﬃciently small and using the Gronwall inequality, gives
1∫
0
θ8 dx+
t∫
0
1∫
0
(1+ θ)q+3θ2x dxds C1(1+ A)max{(3−q)+,q0+(4−q)+,1+q0,
q1
2 }  C1(1+ A)q2
here, we use 1+ (4− q)+ > (3− q)+ . The proof is complete. 
Lemma 2.5. Under the assumptions in Theorem 1.1, the following estimate holds:
1∫
0
(1+ θ)2qθ2x dx+
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds C1(1+ A)q3 , t ∈ (0, T ) (2.23)
with q3 = max{2,1+ q1, (q − 3)+ + 3q1 ,2q0 + (4− q)+ + q1,2q0 + 3q1 }.2 2
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H(x, t) = H(v, θ) =
θ∫
0
k(v, ξ)
v
dξ = κ1θ
v
+ κ2θ
q+1
q + 1 .
Then it is easy to verify that
Ht = Hvux + k(v, θ)θt
v
,
Hxt =
[
kθx
v
]
t
+ Hvuxx + Hvvuxvx +
(
k
v
)
v
vxθt,
|Hv | + |Hvv | C1(1+ θ). (2.24)
We rewrite Eq. (2.17) as
eθ θt + θ pθux =
(
κθx
v
)
x
+ λu
2
x + μw2x + νb2x
v
. (2.25)
Multiplying (2.25) by Ht and integrating the resulting equation over Q T , we obtain
t∫
0
1∫
0
(
eθ θt + θ pθux − λu
2
x + μw2x + νb2x
v
)
Ht dxds +
t∫
0
1∫
0
k(v, θ)
v
θxHtx dxds = 0. (2.26)
Now we estimate each term in (2.26) by using Lemmas 2.1–2.4.
We have ﬁrst
t∫
0
1∫
0
eθ θ2t k(v, θ)
v
dxds C1
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds. (2.27)
Now,
∣∣∣∣∣
t∫
0
1∫
0
eθ θt Hvux dxds
∣∣∣∣∣ C1
t∫
0
1∫
0
(1+ θ)4|uxθt |dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1
t∫
0
1∫
0
(1+ θ)5−qu2x dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds +
t∫
0
1∫
0
(1+ θ)q+4u2x dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)q1 , as q > 7/4 > 1/2. (2.28)
Next,
∣∣∣∣∣
t∫
0
1∫
0
θ pθuxHt dxds
∣∣∣∣∣ C1
t∫
0
1∫
0
(
(1+ θ)q+4|uxθt | + (1+ θ)5u2x
)
dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1
t∫
0
1∫
0
(1+ θ)q+5u2x dxds
 ε
t∫ 1∫
(1+ θ)q+3θ2t dxds + C1(1+ A)1+q1 . (2.29)
0 0
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0
1∫
0
(
λu2x + μw2x + νb2x
v
)
Ht dxds
 C1
t∫
0
1∫
0
(
(1+ θ)q|θt | + (1+ θ)|ux|
)(
u2x +w2x + b2x
)
dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds +
t∫
0
1∫
0
(1+ θ)q−3(u4x +w4x + b4x)dxds +
t∫
0
1∫
0
(1+ θ)5−qu2x dxds. (2.30)
But
t∫
0
1∫
0
(1+ θ)q−3u4x dxds C1(1+ A)(q−3)+
t∫
0
1∫
0
u4x dxds C1(1+ A)(q−3)+
t∫
0
‖ux‖3‖uxx‖ds
 C1(1+ A)(q−3)+
{
sup
0st
∥∥ux(s)∥∥2
( t∫
0
‖ux‖2 ds
) 1
2
( t∫
0
‖uxx‖2 ds
) 1
2
}
 C1(1+ A)(q−3)++
3q1
2 , (2.31)
similarly, by virtue of (2.7) and (2.31), we have
t∫
0
1∫
0
(1+ θ)q−3(w4x + b4x)dxds C1(1+ A)(q−3)+
which, combined with (2.30)–(2.31) and (2.14), gives
t∫
0
1∫
0
(
λu2x + μw2x + νb2x
v
)
Ht dxds ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)(q−3)++
3q1
2 . (2.32)
Let us consider now the various contributions in the second integral of (2.26). By Lemmas 2.1–2.4, we have
t∫
0
1∫
0
kθx
v
(
kθx
v
)
t
dxds = 1
2
1∫
0
(
kθx
v
)2
dx
∣∣∣∣
t
0
 C−11
1∫
0
(1+ θ)2qθ2x dx− C1, (2.33)
∣∣∣∣∣
t∫
0
1∫
0
kθx
v
Hvuxx dxds
∣∣∣∣∣ C1
t∫
0
1∫
0
(1+ θ)q+1|θxuxx|dxds
 C1
(
(1+ A)2
t∫
0
1∫
0
(1+ θ)2qθ2x dxds
) 1
2
( t∫
0
1∫
0
u2xx dxds
) 1
2
 C1(1+ A)2
t∫
0
1∫
0
(1+ θ)2qθ2x dxds + C1(1+ A)q1 (2.34)
and ∣∣∣∣∣
t∫
0
1∫
0
kθx
v
Hvv vxux dxds
∣∣∣∣∣ C1
t∫
0
1∫
0
(1+ θ)q+1|θxuxvx|dxds
 C1
( t∫ 1∫
(1+ θ)2q+2θ2x dxds
) 1
2
( t∫ 1∫
v2xu
2
x dxds
) 1
20 0 0 0
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t∫
0
1∫
0
(1+ θ)2qθ2x dxds + C1
t∫
0
‖ux‖2L∞‖vx‖2 ds
 C1(1+ A)2
t∫
0
1∫
0
(1+ θ)2qθ2x dxds + C1(1+ A)q0
t∫
0
‖ux‖‖uxx‖ds
 C1(1+ A)2
t∫
0
1∫
0
(1+ θ)2qθ2x dxds + +C1(1+ A)q0+
q1
2 . (2.35)
We infer from (2.25) that for any t ∈ (0, T ),
t∫
0
∥∥∥∥
(
k(v, θ)θx
v
)
x
∥∥∥∥
2
ds C1
t∫
0
(‖eθ θt‖2 + ‖θ pθux‖2 + ∥∥u2x∥∥2 + ∥∥w2x∥∥2 + ∥∥b2x∥∥2)ds
 C1
t∫
0
1∫
0
[
(1+ θ)6θ2t + (1+ θ)8u2x + u4x +w4x + b4x
]
dxds
 C1(1+ A)(3−q)+
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)(4−q)+
t∫
0
1∫
0
(1+ θ)q+4u2x dxds
+ C1 sup
0st
∥∥ux(s)∥∥2
( t∫
0
‖ux‖2 ds
)1/2( t∫
0
‖uxx‖2 ds
)1/2
+ C1 sup
0st
∥∥wx(s)∥∥2
( t∫
0
‖wx‖2 ds
)1/2( t∫
0
‖wxx‖2 ds
)1/2
+ C1 sup
0st
∥∥bx(s)∥∥2
( t∫
0
‖bx‖2 ds
)1/2( t∫
0
‖bxx‖2 ds
)1/2
 C1(1+ A)(3−q)+
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)max{(4−q)++q1,
3q1
2 }. (2.36)
Thus, by the Sobolev inequality W 1,1[0,1] → L∞[0,1] and Poincaré’s inequality, Lemmas 2.1–2.4 and (2.36), we conclude
∣∣∣∣∣
t∫
0
1∫
0
k(v, θ)θx
v
(
k(v, θ)
v
)
v
vxθt dxds
∣∣∣∣∣
 C1
t∫
0
1∫
0
(1+ θ)q|θxvxθt |dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1
t∫
0
1∫
0
(1+ θ)q−3
k2(v, θ)
(
kθx
v
)2
v2x dxds
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1
t∫
0
∥∥∥∥kθxv
∥∥∥∥
2
L∞
‖vx‖2 ds
 ε
t∫ 1∫
(1+ θ)q+3θ2t dxds + C1(1+ A)q0
t∫ ∥∥∥∥kθxu
∥∥∥∥
∥∥∥∥
(
kθx
u
)
x
∥∥∥∥ds
0 0 0
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t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)q0
( t∫
0
∥∥∥∥kθxv
∥∥∥∥
2
ds
) 1
2
( t∫
0
∥∥∥∥
(
kθx
v
)
x
∥∥∥∥
2
ds
) 1
2
 ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)q0
( t∫
0
1∫
0
(1+ θ)2qθ2x dxds
) 1
2
( t∫
0
∥∥∥∥
(
kθx
v
)
x
∥∥∥∥
2
ds
) 1
2
 2ε
t∫
0
1∫
0
(1+ θ)q+3θ2t dxds + C1(1+ A)q
∗
t∫
0
1∫
0
(1+ θ)2qθ2x dxds (2.37)
with q∗ = max{2q0 + (3− q)+,2q0 + q1 + (4− q)+,2q0 + 3q12 } = max{2q0 + q1 + (4− q)+,2q0 + 3q12 }.
Therefore, by virtue of the Gronwall inequality and estimates (2.27)–(2.37), we obtain (2.23). The proof is complete. 
Lemma 2.6. Under the assumptions in Theorem 1.1, the following estimates hold:∥∥θ(t)∥∥L∞  C1, ∀t > 0, (2.38)
‖ux‖2 + ‖vx‖2 + ‖θx‖2 + ‖wx‖2 + ‖bx‖2
+
t∫
0
(‖ux‖2 + ‖vx‖2 + ‖θx‖2 + ‖vxx‖2 + ‖wxx‖2 + ‖bxx‖2 + ‖θt‖2 + ‖θxx‖2)ds C1, ∀t > 0. (2.39)
Proof. By Lemmas 2.1–2.5, the Young inequality, we infer
∣∣θq+5 − θq+5(b(t), t)∣∣ C1
1∫
0
∣∣θq+4θx∣∣dx C1
( 1∫
0
θ2qθ2x dx
)1/2( 1∫
0
θ8 dx
)1/2
 C1(1+ A)
q2+q3
2
which gives
Aq+5  C1 + C1A(q2+q3)/2  1
2
Aq+5 + C1 (2.40)
where we have used that q > 7/4 implies q2 + q3 < 2q+ 10. In fact, in order to get q2 + q3 < 2q+ 10, we must require ﬁrst⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1+ q0 + 2 < 2q + 10, q > 0,
1+ q0 + 1+ q1 < 2q + 10, q > 4/5,
1+ q0 + (q − 3)+ + 3q1
2
< 2q + 10, q > 14/11,
1+ q0 + 2q0 + (4− q)+ + q1 < 2q + 10, q > 3/2,
1+ q0 + 2q0 + 3q1
2
< 2q + 10, q > 30/19,
which implies
1+ (4− 2q)+ + q3 < 2q + 10, for q > 30/19. (2.41)
Next, ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(4− q)+ + q0 + 2 < 2q + 10, q > 0,
(4− q)+ + q0 + 1+ q1 < 2q + 10, q > 7/6,
(4− q)+ + q0 + (q − 3)+ + 3q1
2
< 2q + 10, q > 20/13,
(4− q)+ + q0 + 2q0 + (4− q)+ + q1 < 2q + 10, q > 18/11,
(4− q)+ + q0 + 2q0 + 3q1
2
< 2q + 10, q > 12/7,
which gives
(4− q)+ + q0 + q3 < 2q + 10, for q > 12/7. (2.42)
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
q1
2
+ 2 < 2q + 10, q > 0,
q1
2
+ 1+ q1 < 2q + 10, q > 6/7,
q1
2
+ (q − 3)+ + 3q1
2
< 2q + 10, q > 3/2,
q1
2
+ 2q0 + (4− q)+ + q1 < 2q + 10, q > 28/17,
q1
2
+ 2q0 + +3q1
2
< 2q + 10, q > 7/4,
which yields
q1
2
+ q3 < 2q + 10, for q > 7/4. (2.43)
Thus, we derive from (2.41)–(2.43) that q2 + q3 < 2q + 10 is satisﬁed when q > 7/4.
We derive from (2.40) and the Young inequality that
A  C1, ‖θ‖L∞  C1
which, together with Lemmas 2.1–2.5, gives (2.39). The proof is complete. 
Proof of Theorem 1.1. By Lemmas 2.1–2.6, we complete the proof of Theorem 1.1. 
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